This paper presents an explicit characterization for the joint probability density function of the surplus immediately prior to ruin and the deficit at ruin for a general risk process, which includes the Sparre-Andersen risk model with phase-type inter-claim times and claim sizes. The model can also accommodate a Markovian arrival process which enables claim sizes to be correlated with the inter-claim times. The marginal density function of the surplus immediately prior to ruin is specifically considered. Several numerical examples are presented to illustrate the application of this result.
Introduction
In this paper, we consider a fairly general risk model which transcends the usual requirements of a renewal process for the claim occurrences and independent claim sizes. We allow for correlation in the inter-claim times, as well as correlation between the claim times and the claim sizes. Despite this flexibility in the model, we are able to establish tractable results not only for the likelihood of ruin and the size of the deficit at ruin, but also for the surplus immediately prior to ruin which is historically more difficult to analyze than the other two quantities. These results come at the cost of limiting the processes under consideration to those that can be analyzed using techniques for fluid queues. As will be shown, however, this does not amount to a very great limitation.
We illustrate the type of model that can be analyzed in this way by describing the following fairly large subclass in which the number of claims follow a Markovian Arrival Process (MAP). A MAP with representation ' # ! vector §
. For a fuller description, see Latouche and Ramaswami (1999) , Latouche et al (2003) , and Badescu et al (2005) . We remark that the SparreAndersen model with phase-type inter-claim times is a particular special case of the MAP model that also allows for correlated claims with the inter-claim times. Let % 5 6 3 8 7 6 @ 9 A denote the sequence of random variables where
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is the size of the C E D G F claim. Throughout this paper, we assume that claim sizes are independent and identically distributed (iid) phase-type random variables of order H with representation 5 6 P I Q £ S R T ¥ V U W © X S
, and we denote their cumulative distribution function (cdf) by 
e lement of this matrix indicates the descending phase f at the end of the deficit given that the process started in one of the ascending phases C . Therefore, the joint pdf of the surplus immediately prior to ruin and the deficit at ruin is given by
where
The defective joint cdf of the surplus immediately prior to ruin and the deficit at ruin, denoted by
represent the marginal pdf of the surplus immediately prior to ruin, which is given by
We remark that the marginal pdf of the deficit at ruin for the general fluid model described above, namely
In this section, we introduce two matrices that play a key role in the developments that follow. We presume that the fluid queue is initially increasing (i.e., , it must first return to its initial level, and be in one of the states where fluid is decreasing. We remark that the matrix represents the equivalent of the matrix # defined in da Silva Soares and Latouche (2002) .
Similarly, we define the matrix $ introduced by Ramaswami (1999) such that the 
We are interested in the size of the surplus immediately prior to ruin and the deficit at ruin. Ruin can occur in two ways: either the first ladder height drops the surplus level below 0, or the process continues its evolution until the sequence of later ladder heights eventually drops the surplus level below 0.
In the first case, the fluid will initially reach a certain level . At this point, the process resumes its upward evolution, switching to an increasing phase according to the rates in the matrix . Its further evolution towards eventual ruin continues from the new level
Combining the two cases, we obtain the recursive formula
denotes the indicator function of the event¨, which is equal to 1 if the event occurs, and is 0 otherwise.
Using ( ' ) and ( ), we can readily obtain the joint pdf of the surplus immediately prior to ruin and the deficit at ruin when the initial capital is 0, namely
In the next section, we consider the integral equation ( ) for general and derive an explicit solution for the joint pdf of the surplus immediately prior to ruin and the deficit at ruin.
The General Fluid Model
In order to solve the integral equation ( ), we define the single Laplace transform of the matrix
with respect to the initial capital
Taking Laplace transforms of ( ), we obtain . This is not surprising, as a discontinuity at this point has been frequently observed by previous authors including Dufresne and Gerber (1988) and Dickson and Drekic (2004) . Therefore, we can write Moreover, the solution can also be obtained using software packages like Mathematica or MATLAB, for instance. As this issue is straightforward, we do not comment further on it. In the renewal case described in the next section, however, we are able to evaluate these terms in a closed-form fashion.
Equations (19) and (21) give the general form of the joint pdf of the surplus immediately prior to ruin and the deficit at ruin for the general fluid model. It then follows from (2) that the marginal pdf of the surplus immediately prior to ruin is given by
and
Comparison of (22) and (23) v . In the next section, we consider a special case of the general fluid model. Specifically, we consider the situation where the inter-claim times are iid phasetype random variables. Closed-form solutions for the joint pdf of the surplus immediately prior to ruin and the deficit at ruin are obtained by further reduction of equations (19) and (21).
The Phase-type Renewal Risk Model
We now consider the renewal risk model under the assumption that the inter-claim times, denoted by , it follows that the joint pdf of the surplus immediately prior to ruin and the deficit at ruin is given by
and the marginal pdf of the surplus immediately prior to ruin is given by
(28) We remark that in the case of the renewal risk model, the same expressions (25) and (27) can be obtained via Equation (2.4) of Dickson and Drekic (2004) , namely
denotes the cdf of the maximal aggregate loss. However, the above equation no longer applies in the case of the more general fluid model described in the previous section, due to the lack of independent ladder heights. Moreover, note that the left-hand side of (24) 
Numerical Examples
In this section, we illustrate the theoretical results obtained in the previous sections through two numerical examples. The computations were done using the symbolic package Mathematica. 
The claim sizes are distributed according to a feedforward Coxian distribution 
Y
, is about 10 times less likely than the actual contagion model. Thus, the renewal equivalent is totally inadequate to approximate the behaviour in the contagion model. During periods of contagion, the total value of the infectious claims completely dominates the total value of the standard claims, making the Sparre-Andersen renewal model incapable of reflecting this non-renewal behaviour.
In the actual contagion model, we alternate between periods of low claim rate, and rare periods when there are two competing claim processes, with one at higher rate, causing much larger claims. The renewal process takes a single aggregate for the inter-claim times, and each claim is selected independently of the arrival process. Consequently, one anticipates a substantial difference in the pdf's, which is precisely what is observed in Figures 2 and 3 . Further analysis involving a comparison of the normalized pdf's shows that the actual surplus immediately prior to ruin in the contagion model is typically much smaller than that suggested by the renewal approximation.
In closing, we comment that by integrating
in the contagion model, one should obtain the infinite time ruin probability associated with that model. This is indeed the case, as our numerical results here are consistent with those in Badescu et al (2005) .
